I. Introduction
Recall that D(2, 1; α) with α ∈ C\{0, −1} is a one-parameter family of classical simple Lie superalgebras of dimension 17 (Ref. 1) . The bosonic part of D(2, 1; α) is sl(2) ⊕ sl(2) ⊕ sl (2) , and the action of D(2, 1; α)0 on D(2, 1; α)1 is the product of 2-dimensional representations. These superalgebras are also denoted in the literature by Γ(σ 1 , σ 2 , σ 3 ), where σ i are nonzero complex numbers such that σ 1 + σ 2 + σ 3 = 0 (Refs. 2, 3). Γ(σ 1 , σ 2 , σ 3 ) ∼ = D(2, 1; α), where α = σ 1 /σ 2 . In Ref. 4 M. Günaydin gave a differential operator realization of the action of D(2, 1; α) on a family of superspaces with 2 bosonic and 2 fermionic coordinates.
In this work we consider Γ(2, −1 − α, α − 1) as a one-parameter family of deformations of the Lie superalgebra spo(2|4) ∼ = osp(4|2) embedded into the Poisson superalgebra P (4) of pseudodifferential symbols on the supercircle S 1|2 with even variable t and odd variables ξ 1 and ξ 2 . P (4) = P ⊗ Λ(4), where P is the Poisson algebra of functions on the cylinder T * S 1 \S 1 (which are formal Laurent series in τ = deformation S ′ (2, α) (see Refs. 6 and 7) of each copy of this superalgebra, we embed Γ(2, −1 − α, α − 1) into P (4) for each α ∈ C. There is also an embedding of Γ(2, −1 − α, α − 1) into the family of Lie superalgebras of pseudodifferential symbols P h (4), where h ∈ (0, 1], which contracts to P (4).
Note that S ′ (2, α) is spanned by 4 bosonic and 4 fermionic fields, and it is a subsuperalgebra of the derived contact superconformal algebra K ′ (4), which is spanned by 8 bosonic and 8 fermionic fields (Refs. 7, 8, 9 and 10). K ′ (4) is also known to physicists as the (centerless) "big N = 4 superconformal algebra" (Refs. 11 and 12) . We have shown in Ref. 5 that there exists an embedding of one of three independent nontrivial central extensionsK ′ (4) of K ′ (4) into P h (4) for each h ∈ (0, 1]. Note that this central extension is different from the one that corresponds to the Virasoro cocycle. Associated to these embeddings, there are spinor-like irreducible representations ofK ′ (4) in the superspaces . Then we describe Γ(2, −1 − α, α − 1) as a subsuperalgebra ofK ′ (4) for each α ∈ C. In Ref. 14 (see also Ref. 13) we used the similar approach to realize the exceptional N = 6 superconformal algebra, which is spanned by 32 fields (Refs. 9, 10 and 15-18), as a subsuperalgebra of 8 × 8 matrices over a Weyl algebra. This realization is analogous to the realization, given by C. Martinez and E. I. Zelmanov in Refs. 19 and 20, where they used a different method.
Note that the affine superalgebraD(2, 1; α) is closely related to the big N = 4 superconformal algebra (see Ref. 21) . It is an interesting problem to realizeD(2, 1; α) in terms of pseudodifferential symbols and matrices over a Weyl algebra. We would also like to find such realizations for the exceptional Lie superalgebra F (4) (Ref. 1).
II. Superconformal algebras
A superconformal algebra is a complex Lie superalgebra g such that 1) g is simple, 2) g contains the Witt algebra W itt = derC[t, t
as a subalgebra, 3) adL 0 is diagonalizable with finite-dimensional eigenspaces: 
3)
The Lie superalgebra W (2N) contains a one-parameter family of Lie superalgebras S(2N, α). By definition
see Refs. 6 and 7. Recall that
be the derived superalgebra. Assume that N ≥ 1. If α ∈ Z, then S(2N, α) is simple, and if α ∈ Z, then S ′ (2N, α) is a simple ideal of S(2N, α) of codimension one defined from the exact sequence,
There exists, up to equivalence, one nontrivial 2-cocycle on S ′ (2N, α) if and only if N = 1, see Ref. 7 . The corresponding central extensionŜ ′ (2, 0) is also called the "N = 4 superconformal algebra" (Refs. 11, 12, 9 and 22). Let
be the following basis of S ′ (2, 0):
The 2-cocycle inŜ ′ (2, 0) is given as follows:
(2.10)
III. Poisson superalgebra
The Poisson algebra P of pseudodifferential symbols on the circle is formed by the formal series
where
, and the even variable τ corresponds to ∂ t , Refs. 24-27. The Poisson bracket is defined as follows:
An associative algebra P h , where h ∈ (0, 1], is a deformation of P . The multiplication in P h is given as follows:
The Lie algebra structure on the vector space P h is given by
The Poisson superalgebra of pseudodifferential symbols on S 1|N is P (2N) = P ⊗ Λ(2N). The Poisson bracket is defined as follows:
Let Λ h (2N) be an associative superalgebra with generators ξ 1 , . . . , ξ N , η 1 , . . . , η N and relations
Let P h (2N) = P h ⊗ Λ h (2N) be a superalgebra with the product given by
where A 1 , B 1 ∈ P h and X, Y ∈ Λ h (2N). The Lie bracket of A = A 1 ⊗ X and 9) and (3.5) holds. P h (2N) is called the Lie superalgebra of pseudodifferential symbols on S 1|N , see Refs. 5 and 13.
where V i are 2-dimensional vector spaces, and ψ i is a non-degenerate skew-symmetric form on V i , i = 1, 2, 3. A representation of g0 on g1 is the tensor product of the standard representations of sp(ψ i ) in V i . Consider sp(ψ i ) -invariant bilinear mapping
given by
for all x i , y i , z i ∈ V i . Let P be a mapping
for all x i , y i ∈ V i , i = 1, 2, 3, where σ 1 , σ 2 , σ 3 are some complex numbers. The Jacobi identity is satisfied if and only if σ 1 + σ 2 + σ 3 = 0. In this case g is denoted by
are isomorphic if and only if there exists a nonzero element k ∈ C and a permutation π of the set {1, 2, 3} such that σ
Theorem 4.1: Let Γ α , where α ∈ C, be the Lie superalgebra spanned by the following elements in P (4):
(4.5)
Proof. Consider the following fields:
be defined as follows:
Note that (4.8) is the restriction of the obvious embedding of W (2) into P (4). We obtain an embedding of the second copy of S ′ (2, α):
by interchanging ξ i with η i in all formulas. Thus
Let spo(2|4) ∼ = osp(4|2) be a Lie superalgebra which preserves an even nondegenerate superskew-symmetric form on the (2|4)-dimensional superspace. Note that if α = 0, then the zero modes of the fermionic fields span spo(2|4)1, hence these elements generate Γ 0 ∼ = spo(2|4) ∼ = Γ(2, −1, −1). Analogously, for each α ∈ C, the zero modes of the fields (4.14) generate Γ α and it is isomorphic to Γ(2, −1 − α, α − 1). Explicitly an isomorphism ϕ : Γ(2, −1 − α, α − 1) → Γ α is given as follows. Let
and
Remark 4.2:
We will use the following commutation relations:
By definition,
We also define operators ∆ = 2−E and H f = (−1)
There is a one-to-one correspondence between the differential operators D ∈ K(2N) and the functions f ∈ Λ (1, 2N) . The correspondence f ↔ D f is given by
The contact bracket on Λ (1, 2N) is
where {f, g} P.b = (−1)
] is a simple ideal in K(4) of codimension one defined from the exact sequence
The superalgebra K ′ (4) has 3 independent central extensions, see Refs. 7, 10, 29 and 30. The following statement is proven in Refs. 5 and 13.
Proposition 5.1: There exists an embedding
The superalgebra i 0 (K ′ (4)) is spanned by the 12 fields:
where i, j = 1, 2, and 4 fields:
Note that L n is a Virasoro field. LetK ′ (4) = K ′ (4) ⊕ CC be one of three independent central extensions of K ′ (4), such that the corresponding 2-cocycle is
For each h ∈ (0, 1], there exists an embedding
The superalgebra i h (K ′ (4)) is spanned by the 12 fields (5.7) and 4 fields:
Note that the central element in i h (K ′ (4)) is G 3 0,h = h, and
Theorem 5.2: Let Γ α,h , where α ∈ C and h ∈ (0, 1], be spanned by the following elements in P h (4):
Then Γ α,h ∼ = Γ(2, −1 − α, α − 1), and lim h→0 Γ α,h = Γ α ⊂ P (4).
Proof.
We can obtain the second embedding
for each h ∈ (0, 1], if we interchange ξ i with η i in all the formulas for the embedding (5.10). Then
In (4.8) and (4.11) we obtained embeddings
Naturally
we interchange ξ i with η i in all formulas for the embedding (5.16). Thus
For each α ∈ C and each h ∈ (0, 1], the zero modes of the fermionic fields 
VI. Realizations as matrices over a Weyl algebra
In this section we will describeK ′ (4) in terms of matrices over a Weyl algebra.
By definition, a Weyl algebra is 
Let M(2|2, W) be the Lie superalgebra of 4 × 4 matrices over W. Theorem 6.1: There exists an embedding
The superalgebra I(K ′ (4)) is spanned by the following elements: 
Note that the central element is C = I(G
, where µ ∈ C\Z. We fix h = 1, and define a representation ofK ′ (4) in V µ according to the formulas (5.7) and (5.11). Namely, ξ i is the operator of multiplication in Λ(ξ 1 , ξ 2 ), η i is identified with ∂ ξ i , τ −1 is identified with an antiderivative, and the central element C = 1 ∈ P h=1 (4) acts by the identity operator. Consider the following basis in V µ :
(6.7)
Explicitly, the action ofK ′ (4) on V µ is given as follows:
These formulas remain valid for µ = 0. Thus we obtain a representation ofK
We have
(6.9)
Thus we obtain the above-mentioned realization ofK ′ (4) as a subsuperalgebra of matrices of size 4 × 4 over W.
Recall that the element L 0 = tτ of the Virasoro algebra defines a Z-grading inK ′ (4):K ′ (4) = ⊕ i g i . It follows from (6.8) that
Note that g 0 is isomorphic to the universal central extension of sl(2|2), and it is realized as a superalgebra of 4 × 4 matrices over W of type 10) where A, B, C, D ∈ gl(2, C) and trA = trD.C is determined by the following conditions:
where E ij is an elementary 2 × 2-matrix.
It was observed in Refs. 30 and 31 that the big N = 4 superconformal algebra contains D(2, 1; α) as a subsuperalgebra. In the next theorem, we give a realization of D(2, 1; α) inside I(K ′ (4)). Note that it is different from the realization of D(2, 1; α) inside M(2|2, W), which one can directly obtain from Theorem 5.2. Proof. Consider the embedding
To describe the associated representations we choose the following basis in V µ :
(6.14)
One can repeat the construction given in the proof of Theorem 6.1, and obtain an embedding
Note that under both embeddings,K ′ (4) is realized as the same matrix superalgebra:
We have 
Thus we have Remark 6.4: In Theorem 5.2 we described an embedding of Γ(2, −1 − α, α − 1) into P h (4). Note that it is actually an embedding of Γ(2, −1 − α, α − 1) into the Lie superalgebra of differential operators on S 1|2 . One can use the fields in (5.7) and (5.11) and formulas (6.19 ) to obtain a different embedding of this superalgebra into P h (4) such that Γ α,h ⊂ i h (K ′ (4)) (6.20) for each h ∈ (0, 1] and each α ∈ C. In this embedding the pseudodifferential symbols are essentially used. Γ α,h ∼ = Γ(2, −1 − α, α − 1) is spanned by the following elements: 
